Abstract. Starting from the description of the conformal geometry of noncommutative 2-tori in the framework of modular spectral triples, we explicitly compute the local curvature functionals determined by the value at zero of the zeta functions affiliated with these spectral triples. We give a closed formula for the Ray-Singer analytic torsion in terms of the Dirichlet quadratic form and the generating function for Bernoulli numbers applied to the modular operator. The gradient of the Ray-Singer analytic torsion is then expressed in terms of these functionals, and yields the analogue of scalar curvature. Computing this gradient in two ways elucidates the meaning of the complicated two variable functions occurring in the formula for the scalar curvature. Moreover, the corresponding evolution equation for the metric produces the appropriate analogue of Ricci curvature. We prove the analogue of the classical result which asserts that in every conformal class the maximum value of the determinant of the Laplacian on metrics of a fixed area is attained only at the constant curvature metric.
Introduction
In noncommutative geometry the paradigm of a geometric space is given in spectral terms, by a Hilbert space H in which both the algebra A of coordinates and the inverse line element D are represented, the latter being an unbounded self-adjoint operator which plays the role of the Dirac operator. The local geometric invariants such as the Riemannian curvature are obtained in the noncommutative case by considering heat kernel expansions of the form
where d is the dimension of the geometry. One may equivalently deal with the corresponding zeta functions. Thus, it is the high frequency behavior of the spectrum of D coupled with the action of the algebra A in H which detects the local curvature of the geometry.
In this paper we shall analyze in depth a specific example, that of the noncommutative two torus T operator for the new curved geometry. The starting point is the computation of the value at s = 0 of the zeta function Tr(a|D| −2s ) for the 2-dimensional curved geometry associated to the dilaton h. Equivalently we are dealing with the term a 2 (a, D
2 ) of the heat expansion. This computation was initiated in the late 1980's (cf. [7] ), and the explicit result which proves the analogue of the Gauss-Bonnet formula was published in [13] . It was then extended in [14] to cover the case of arbitrary values of the complex modulus τ (which was τ = i in [13] ). In these two papers only the total integral of the curvature was needed, and this allowed one to make simplifications under the trace which are no longer possible in the case of arbitrary a, i.e. to compute the local expression a 2 (a, D
2 ). The technical obstacles for the local computation were overcome by means of
• the general rearrangement Lemma of §6.2 ;
• the assistance of the computer. While the original computation of [7] was done by hand, the role of the computer assistance is to minimize the danger of a computational mistake in handling the large number of terms, about one thousand, which arise in the generalized pseudodifferential expressions involved in a 2 (a, D
2 ). The complete calculation of a 2 (a, D 2 ) was actually achieved in 2009 and announced (including by internet posting, although with some typos) at several conferences (Oberwolfach 2009 and Vanderbilt 2011) . Moreover, the same computation was done independently in [15] and gave a confirmation of the result. The main additional input of the present paper consists in obtaining an explicit formula for the Ray-Singer log-determinant of D 2 (which was left open in [7] ). By calculating the gradient of the Ray-Singer log-determinant in two different ways, one obtains new geometric insight as well as a deep internal consistency relation between the different terms of the log-determinant formula. At the same time this elucidates the role of the intricate two operator-variable function occurring in its expression.
We now briefly outline the contents of this paper, starting with the description of the local curvature functionals determined by the value at zero of the zeta functions affiliated with the modular spectral triples describing the curved geometry of noncommutative 2-tori. As in the case of the standard torus viewed as a complex curve, the total Laplacian associated to such a spectral triple splits into two components, one ϕ on functions and the other (0,1) ϕ on (0, 1)-forms, the two operators being isospectral outside zero. The corresponding curvature formulas involve second order (outer) derivatives of the Weyl factor, and as a new and crucial ingredient they involve the modular operator ∆ of the non-tracial weight ϕ(a) = ϕ 0 (ae −h ) associated to the dilaton h. For ϕ the result is of the form
where ∇ = log ∆ is the inner derivation implemented by −h, 2 + (τ ) (δ 1 ( )δ 2 ( ) + δ 2 ( )δ 1 ( )) + |τ | 2 (δ 2 ( )) 2 , and ∇ i , i = 1, 2, signifies that ∇ is acting on the ith factor. The operators K 0 (∇) and H 0 (∇ 1 , ∇ 2 ) are new ingredients, whose occurrence is a vivid manifestation of the genuinely non-unimodular nature of the conformal geometry of the noncommutative 2-torus. The functions K 0 (u) and H 0 (u, v) by which the modular derivatives act seem at first of a rather formidable nature, and of course beg for a conceptual understanding. Their expressions, arising from the computation, are as follows:
and H 0 (s, t) = t(s + t) cosh(s) − s(s + t) cosh(t) + (s − t)(s + t + sinh(s) + sinh(t) − sinh(s + t)) st(s + t) sinh 
One of our new results consists in giving an abstract proof of a functional relation between the functions K 0 and H 0 . More precisely, denoting K 0 (s) = 4 sinh(s/2) s K 0 (s) andH 0 (s, t) = 4 sinh((s + t)/2) s + t H 0 (s, t),
we establish by an a priori argument the identity
The functionK 0 is (up to the factor 
Another main result consists in obtaining the following closed formula for the RaySinger determinant:
log Det ( ϕ ) = log ϕ(1) + (2 log 2π + log |η(τ )| 4 ) + π 8τ 2 ϕ 0 K 0 (∇ 1 )( (h)) (6) The a priori proof of the functional relation (3) is based on the computation of the gradient of the Ray-Singer determinant in two different ways. Using the left hand side of (6) one obtains a formula involving a 2 (a, ϕ ), while using the right hand side of (6) gives a general expression as shown in Theorem 5.1 of §5.
As a third fundamental result of this paper, we establish the analogue of the classical result which asserts that in every conformal class the maximum value of the determinant of the Laplacian for metrics of a fixed area is uniquely attained at the constant curvature metric. This is the content of Theorem 4.6, whose proof relies on the positivity of the functionK 0 . By (5),K 0 is a generating function for Bernoulli numbers, known to play a prominent role in the theory of characteristic classes of deformations, where it is used as a formal power series. It is quite striking that in the present context of a conformal (but not formal) deformation,K 0 appears no longer merely as a formal series but as an actual function, whose positivity plays a key role.
In marked contrast to the ordinary torus, for which a 2 (a, ϕ ) and a 2 (a, (0,1) ϕ ) are both constant multiples of the scalar (or Gaussian) curvature, the local curvature expressions associated to the zeta functions of the two partial Laplacians differ substantially. The function H 1 (s, t) of two variables involved in the expression of a 2 (a, (0,1) ϕ ) is related to H 0 (s, t) in a simple fashion, but a new term appears, in the form of an operator S(∇ 1 , ∇ 2 ) applied to the skew quadratic form
Modular spectral triples for noncommutative 2-tori
The preliminary material gathered in this section is essentially borrowed from [7] in order to provide the necessary background for the present paper. It also serves as a first illustration of the distinctly non-unimodular feature of the conformal geometry of noncommutative 2-tori, which in particular validates the treatment of twisted spectral triples [12] as basic geometric structures.
Inner twisting in the even case.
The modular spectral triples considered below can be understood as special cases of the following general construction. Let us start from an ordinary spectral triple (A, H, D) which we assume to be even (and we let γ be the grading operator). Using the direct sum decomposition H = H + ⊕ H − the action of the algebra A, the grading operator and the operator D take the form
were T is an unbounded operator from its domain in H + to H − and T * is its adjoint. Let now k ∈ A be a positive invertible element. Since the commutator [D, k] is bounded the multiplication by k preserves the domain of T and the following operator is self-adjoint
We use the notion of modular (or twisted) spectral triple in the sense of Definition 3.1 of [12] . Let us show that the perturbation D (k,γ) of D defines a twisted spectral triple on A with respect to the inner automorphism σ.
Lemma 1.1. Let σ(a) = kak −1 be the (non-unitary) inner automorphism of A associated to k. The triple (A, H, D) is a σ-twisted spectral triple.
Proof. Let us compute the twisted commutator
The upper right element of the matrix gives
which is bounded since [D, a] is bounded as well as k. The lower left element of this matrix gives
which is also bounded since b = σ(a) ∈ A.
Remark 1.2. To display the dependence on the grading γ one can use the following formula for the perturbation
We shall now explain why it is this simple twisting procedure which is appearing naturally when one introduces a Weyl factor (dilaton) in the geometry of the noncommutative torus. We still need another general notion of transposed spectral triple.
Transposed spectral triple.
Given a Hilbert space H letH be the dual vector space. The transposition
where L(H) op is the opposite algebra of L(H). Thus one can associate to any spectral triple (A, H, D) the transposed spectral triple as follows. Proposition 1.3. Let (A, H, D) be a σ-twisted spectral triple. Let A op be the opposite algebra and D t the transposed of the unbounded operator D. Let σ be the automorphism of A op given by
Then the action of A op inH transposed of the action of A in H defines a σ -twisted spectral triple
Proof. The boundedness of the twisted commutators Da−σ(a)D implies the boundedness of the twisted commutators
Note that one can identify the dual vector spaceH with the complex conjugate of H by the antilinear isometry
One then has the relation
Definition 1.4. Given a modular spectral triple (A, H, D) the transposed modular spectral triple is given by (13).
Notations for T 2
θ . Let us fix our notations for the noncommutative torus T 2 θ . We let θ be an irrational real number and consider the (uniquely determined) C * -algebra A θ ≡ C 0 (T 2 θ ) generated by two unitaries
which satisfy the multiplicative commutation relation
The 2-dimensional torus T 2 = (R/2πZ) 2 acts on A θ via the 2-parameter group of automorphisms {α r }, r ∈ R 2 , determined by
We denote by
θ ) the subalgebra of smooth elements for this action, i.e. consisting of those x ∈ A θ such that the mapping r ∈ R 2 → α r (x) ∈ A θ is smooth. Expressed in terms of the coefficients of the element a ∈ A θ ,
the smoothness condition amounts to their rapid decay, i.e. the requirement that the sequences {|n| p |m| q |a(n, m)|} (n,m)∈Z 2 be bounded for any p, q > 0. The basic derivations representing the infinitesimal generators to the above group of automorphisms are given by the defining relations,
they are the counterparts of the differential operators
, and behave similarly with respect to the * -involution:
As θ was chosen irrational, there is a unique trace ϕ 0 on A θ , determined by the orthogonality properties
and we denote by H 0 the Hilbert space obtained from A θ by completing with respect to the associated inner product
By construction the Hilbert space H 0 is a bimodule over A θ with
and the trace property of ϕ 0 ensures that the right action of A is unitary. The derivations δ 1 , δ 2 , viewed as unbounded operators on H 0 , have unique selfadjoint extensions,
Furthermore, they obviously obey the integration-by-parts rule
1.4. Conformal structures on T 2 θ . The conformal structures on the classical torus are best parameterized by a complex number τ ∈ C, (τ ) > 0 modulo the natural action of P SL(2, Z) by homographic transformations. To τ one associates the lattice Γ = Z + τ Z ⊂ C and the quotient complex structure on T 2 ∼ C/Γ. The natural isomorphism of the 2-dimensional torus T 2 = (R/2πZ) 2 (with real coordinates (x, y) as above) with C/Γ is given by
One thus gets dZ dZ = 1 2π
This gives ∂ Z and ∂Z as linear expressions in ∂ x and ∂ y and one finds up to the overall factor λ = 2πτ −τ +τ that
Since replacing the modulus τ by − 1 τ does not affect the complex structure this allows us to transfer the translation invariant complex structures of T 2 to T 2 θ . Throughout this paper we fix a complex number τ ∈ C with (τ ) > 0 and consider the associated translation invariant complex structure, defined by the pair of derivations
representing the counterparts of the differential operators 1 i (∂/∂x +τ ∂/∂y), and
. Our conventions differ slightly from [7] in which the only case τ = i was covered but we prefer to follow the usual convention for the general case. As explained in [9, §VI. 2], the information on the conformal structure is actually encapsulated in the positive Hochschild 2-cocycle on A ∞ θ given by the formula
Thus, as an appropriate analogue of the space of (1, 0)-forms on the classical 2-torus, one takes the unitary bi-module H 
Lemma 1.5. The map ψ :
Proof. By definition of the inner product on H (1,0) the operator is unitary and the derivation property of δ shows that it is an A ∞ θ -bimodule map. It remains to check that it is surjective. One has δ(U ) = (δ 1 +τ δ 2 )(U ) = U and thus ψ(aU −1 ∂U ) = a which gives the required surjectivity.
When viewed as an unbounded operator from H 0 to H (1, 0) , the operator δ will be called ∂.
Conformal changes of metric.
In order to implement conformal changes of metric, we consider the family of positive linear functionals parameterized by self-adjoint elements
Definition 1.6. We shall call a positive linear functional ϕ on A θ as in (30) a conformal weight with Weyl factor e −h and dilaton h. The normalized functional
is called the associated conformal state.
Each conformal weight ϕ determines an inner product , ϕ on A θ , namely
We let H ϕ denote the Hilbert space completion of A θ for the inner product , ϕ . It is a unitary left module on A θ by construction. Note that, whereas for ϕ 0 we have the trace relation
the functional ϕ satisfies instead
which is the KMS condition at β = 1 for the 1-parameter group σ t , t ∈ R, of inner automorphisms σ t (x) = e ith xe
−ith
Equivalently, σ t = ∆ −it where the modular operator ∆, given by
is positive and fulfills
The infinitesimal generator of the 1-parameter group σ t is the inner derivation −∇,
To correct the lack of unitarity of the action of A θ on H ϕ by right multiplication, one replaces it by the right action
where J ϕ is the Tomita antilinear unitary of the GNS representation associated to ϕ; explicitly, with k = e h/2 ,
One thus gets
The obtained unitary A Proof. One has for any a, b ∈ A θ ,
This shows that W is an isometry. By construction it intertwines the left module structures. Moreover one has, using (37),
θ . This shows that W intertwines the right module structures. With the complex structure associated to τ ∈ C, (τ ) > 0 fixed, the operator associated to the flat metric in the corresponding conformal class on T 2 θ is given by
In other words, this is the natural T 
If one disregards the grading γ the spectral triples (A θ ,H, D) and (A θ ,H,D) are equivalent but this does not hold as graded spectral triples and in fact the equivalence reverses the grading. One can see this distinction even in the commutative case by looking at the equation
which is fulfilled when b is antiholomorphic. We now perform a non-trivial conformal change of metric on T 2 θ . Let the conformal weight ϕ be as above. The varying structure comes from the operator ∂ ϕ which is given by ∂ on A ∞ θ but is viewed as an unbounded operator from H ϕ to H (1,0) ,
In order to form the corresponding spectral triple we consider the operator
where we viewH ϕ = H ϕ ⊕ H (1,0) both as a left module and a right module over A ∞ θ . Lemmas (1.5) and (1.7) show that an A ∞ θ -bimoduleH ϕ is isomorphic to H = H 0 ⊕ H 0 by the unitary map
Let J denote the Tomita anti-unitary operator on H 0 extending the star involution a → a * , a ∈ A θ . We letJ
the direct sum of two copies of ±J acting in H 0 ⊕ H 0 .
θ is the dilaton of the conformal weight ϕ. We let R k denote the right multiplication by k in H 0 .
(i) The operatorW * D ϕW is equal to the self-adjoint unbounded operator
(ii) The operatorJW * D ϕWJ is equal to the self-adjoint unbounded operator
which gives the first statement. The second statement follows from the compatibility (17) of the star operation with the derivations δ j .
θ the dilaton of the conformal weight ϕ.
(i) The left action of A θ onH ϕ together with the operator D ϕ yield a graded spectral triple
(iii) The transposed of the modular spectral triple (A
is bounded. In turn, the latter easily follows from the derivation property of ∂ ϕ and the equivalence of the norms . ϕ and . 0 .
(ii) This follows from Lemma 1.1 and the third statement which we now prove.
(iii) This follows from the second statement of Lemma 1.8 using (15) .
By Corollary 1.9, the transposed of the modular spectral triple (A op θ ,H ϕ , D ϕ ) is simply given by the left action of A θ on H = H 0 ⊕ H 0 and the operator
The modular spectral triple of weight ϕ is
where
The spectral invariants of the modular spectral triple of weight ϕ are obtained by computing zeta functions and heat expansions, i.e. traces of products of an element of A θ (acting on the left) by a function ofD 2 ϕ . Let be the Dolbeault-Laplace operator for the flat metric,
acting on functions on T 2 θ .
θ is the dilaton of the conformal weight ϕ.
(i) One hasD
(ii) The Laplacian on functions is anti-unitarily equivalent to ϕ = k k.
(ii) The operator
Proof. This follows from Corollary 1.9.
Lemma 1.12. Let ϕ be a conformal weight with dilaton h = h * ∈ A ∞ θ . The zeta function of the Laplacian on functions is equal to the zeta functions of the operators ϕ ,
(52)
Proof. The operators ϕ = k k and
have the same spectrum outside 0, which proves the first equality in (52). The others follow from Lemma 1.11.
Conformal invariants

Conformal index of a spectral triple.
We digress a little to show that the notion of conformal index for a manifold, introduced in [2] , admits a natural extension to the framework of noncommutative geometry.
Let (A, H, D) be a p-summable spectral triple, which has discrete dimension spectrum in the sense of [11] . Fix h = h * ∈ A, and let
Duhamel's formula for the family s = tD 2 sh , de 
At this point we make an additional assumption, which stipulates the existence of small time asymptotic expansions of the form
and more generally, for any f ∈ A,
which moreover can be differentiated term-by-term with respect to s ∈ [−1, 1]. 
which is related to the theta function by the Mellin transform
The asymptotic expansion (57) ensures that ζ |D sh | (z) has meromorphic continuation to C, with only simple poles. Furthermore, because of the pole of Γ(z) at z = 0, ζ |D sh | (z) is holomorphic at 0, and its value at 0 is
Differentiating term-by-term the asymptotic expansion (57) and applying (56) yields the identities
In particular,
An instance where the above hypotheses are satisfied, and hence the result applies, is that of the dilaton field rescaling of the mass in the spectral action formalism for the standard model [6] .
Conformal index for T
More to the point, the pseudodifferential calculus for C * -dynamical systems [8] , and especially the elliptic theory on noncommutative tori [9, §IV.6] , show that the condition (58) is fulfilled in the case of T 2 θ . In particular, all the Laplacians in §1.6 admit meromorphic zeta functions, with simple poles and regular at 0. Theorem 2.2. The value at the origin of the zeta function of the Laplacian on functions is a conformal invariant, i.e.
for any conformal weight ϕ on A θ .
Proof. In view of Lemma 1.11, one can replace the Laplacian on functions by ϕ = k k. Consider the family
Since
by using Duhamel's formula as in (55), one sees
The variation formulas for the coefficients of the heat operator asymptotic expansion yield in this case the identities
In particular, a 2 ( sh ) = a 2 ( ), and the proof is achieved in the same way as that of Theorem 2.1.
Remark 2.3. This gives a non-computational proof to the Gauss-Bonnet theorem for the noncommutative 2-torus (cf. [7] , [14] ).
Zeta functions and local invariants
We now focus on the zeta function of the modular spectral triple of weight ϕ, as in Definition 1.10, i.e. (A ∞ θ , H,D ϕ ), in order to compute its local invariants. In order to state our first main result, i.e. Theorem 3.2, we shall first introduce several functions which play a key role in the statement of the basic formula.
Curvature functions.
In the formulation of Theorem 3.2 there is an overall factor of − 
For the first half of Laplacian, the function is
For the full Laplacian, it is
For the graded case
Functions of two variables.
One always gets an expression of the form H(∇ 1 , ∇ 2 ) applied to
The functions H of two variables are: For the first half of Laplacian
For the full Laplacian, the formula of Theorem 3.2 involves H 0 + H 1 where
For the graded case, it involves H 0 − H 1 . 3.1.3. Skew term. The additional skew term is of the form S(∇ 1 , ∇ 2 ) applied to
It only appears in the second half of Laplacian. The function S is
which is a symmetric function of s and t. H 0 (s, t) and S(s, t) fulfill the following properties (1) They belong to Near the second line L 2 one gets the expansion Similarly we let m(s, t) be the numerator of the fraction defining S(s, t)
and get the expansion near the line L 1 in the form
Near the second line L 2 one gets the expansion
The denominator of S is We now look at the behavior at ∞. It is enough to show that the function H 1 (s, t) = cosh s+t 2 H 0 (s, t) tends to 0 at ∞. We write H 1 (s, t) as the fraction 
which shows that away from the lines L j the numerator and denominator have the same exponential increase. Let ||(s, t)|| 1 = |s| + |t|. The maximum of |H 1 (s, t)| on the sphere S a = {(s, t) | ||(s, t)|| 1 = a} is reached on the interval
Away from the boundary of this interval one can approximate the denominator of H 1 by the product of the leading exponentials which gives Figure 5 . Graph of the function S.
Using this approximation and neglecting terms which are suppressed by an exponential one reduces the function H 1 (s, t) well inside the interval I a to the fraction
On I a the function r(s, t) reaches its minimum at (s, t) = (
One finds in this way that the maximum of |H 1 (s, t)| on the sphere S a = {(s, t) | ||(s, t)|| 1 = a} is of the order of 8 a . One needs to control the size of the function H 1 (s, t) in the neighborhood of the zeros of the denominator. The restriction of H 1 (s, t) to the anti-diagonal t = −s is given by the odd function
which is equivalent to − 
The other properties can be checked in a straightforward manner.
Local curvature functionals.
With the above notation, we are now ready to express in local terms the value at the origin of the zeta functions of the modular spectral triple of weight ϕ
where P ϕ stands for the orthogonal projection onto Ker ϕ . It is related to the theta function by the Mellin transform
As in the untwisted case, cf. (60), its value at 0 is related to the constant term in the asymptotic expansion (57), via
The computation of the constant term a 2 (a, ϕ ) is quite formidable, as could be expected from the already laborious calculations performed in [7] and [14] in the untwisted case, i.e. a = 1. For the clarity of the exposition, we postpone giving the technical details until §6.
On the other hand, the additional term is very easy to compute. Indeed, Ker ϕ = Ker(δk) is one dimensional and one has (with ϕ n the associated state)
One deals in a similar manner with the Laplacian (0,1) ϕ and one lets P (0,1) be the orthogonal projection on its one-dimensional kernel, Ker (0,1) ϕ = Ker(kδ * ) which is independent of k, and consists of the constant multiples of the unit 1 ∈ A θ , so that Tr(
Theorem 3.2. Let ϕ be a conformal weight with dilaton h = h * ∈ A ∞ θ and let k = e h/2 . The value at the origin of the zeta function associated to the modular spectral triple of weight ϕ is given for any a ∈ A ∞ θ by the expression
where H = H 0 + H 1 and for its graded version by
In order to check the normalization constants we compare this result with the classical formula for the value at 0 of the zeta function of the Laplacian on a closed surface Σ
where R is the scalar curvature (normalized as being 1 for the unit two sphere) and χ(Σ) the Euler-Poincaré characteristic. One double checks this formula for the unit two sphere, whose Laplacian spectrum is the set {n 2 + n | n ∈ Z + } where the eigenvalue n 2 + n has multiplicity 2n + 1. One has
whose constant term 1 3 agrees with the right hand side 1 6 χ(S 2 ) of (82). In a local form one has
where P is the orthogonal projection on the kernel of the Laplacian. To compare this formula with Theorem 3.2 we take the half sum of (80) and (81) in the commutative case. This reduces to
One has K 0 (0) = 1 3 and ϕ 0 is the state associated to the volume form of the flat two torus with integral spectrum. To check the overall normalization we take τ = i so that τ 2 = 1. The torus has coordinates x j with period 2π, Riemannian metric
, and the spectrum of the Laplacian is the set {n 2 + m 2 | n, m ∈ Z}. Thus
We now consider the Riemannian metric g = k −2 (dx
To check this, take the stereographic coordinates on the unit two sphere, so that the metric becomes g = k −2 (dx
). Then (86) gives R = 1 as required. Thus (83) gives for arbitrary k the local form
and this agrees with the right hand side of (84) which is, using (85),
The fact that the local curvature expressions, occurring in (80) on the one hand and those occurring in (81) on the other hand, are sharply different stands in stark contrast with the case of the ordinary torus. For the latter they reduce to
and thus are both constant multiples of the Gaussian curvature of the conformal metric.
Log-determinant functional and scalar curvature
In this section we develop the analogue of the Osgood-Phillips-Sarnak functional [18] , which is a scale invariant version of the log-determinant of the Laplacian. We then compute its gradient, whose corresponding flow for Riemann surfaces exactly reproduces Hamilton's Ricci flow [17] , and therefore yields the appropriate analogue of the scalar curvature.
Variation of the log-determinant.
The Ray-Singer zeta function regularization of the determinant of a Laplacian [19] , as well the related notion of analytic torsion [20] , make perfect sense in the case of noncommutative 2-tori, due to the existence of the appropriate pseudodifferential calculus [8] . Thus, log Det ( ϕ ) = −ζ ϕ (0), resp. log Det (
are well-defined. Because ϕ = kδδ * k and
have the same spectrum outside 0, and so the corresponding zeta functions coincide, the two logdeterminants are in fact equal.
In order to compute the above determinant, let us consider again the 1-parameter family of Laplacians, cf. (64),
Differentiating the corresponding family of zeta functions and taking into account (65) one obtains, for z > p ,
By meromorphic continuation one obtains the identity
and taking d dz z=0 yields the variation formula
Applying Theorem 3.2 to the conformal weights ϕ s with dilaton sh, and retaining only the even part of the expression in the right hand side, yields
One has ϕ n (h) = − d ds log ϕ 0 (e −sh ) and so by integration along the interval 0 ≤ s ≤ 1 one obtains the following conformal variation formula. 
We now show that this formula simplifies much further.
Lemma 4.2. For f (u) a function in Schwartz space one has
Proof. The derivation ∇ is given by the commutator with −h and σ t = ∆ −it fixes h and preserves the trace ϕ 0 . Thus writing f as a Fourier transform
We thus get that
and integrating from 0 to 1 we obtain, under the hypothesis of Lemma 4.1,
Let us now simplify the last term of (93). By construction the expression S = (log k) can be expressed as a linear combination of squares of elements of A ∞ θ . Thus we really need to understand the quadratic form
where writing H 0 as a Fourier transform
one has
where the function is given by
Proof. Let us define the function of two variables
so that, with k(u, v) = g(a, b)e −i(au+bv) dadb one has
One has, using σ c (h) = h for all c, • w(a + c, b + c) = w(a, b) for all c.
• w(a, b) − w(b, a) = −ϕ 0 (∇(σ a (x))σ b (x)) where the last equality follows, using the trace property of ϕ 0 , from
Thus one gets, using the antisymmetry of k(u, v) and g(a, b),
and one gets
which is the required equality.
We used the hypothesis that k is a Schwartz function in order to use freely the Fourier transform but since the spectrum of the operator ∇ is bounded this hypothesis is not needed as long as we deal with smooth functions. It follows using
where the function L 0 is given by
We now need to compute the integral in the variable s of (94).
) where the function K 2 is given by
Proof. One has, by (72),
Thus, using (100),
which gives (102) for
and one checks that this agrees with (103) by showing that the derivative of
We can thus simplify (93) and obtain, using log k = h 2 , log Det ( ϕ ) = log Det
Remark 4.5. Since is isospectral to the Dolbeault-Laplacian on T 2 whose spectrum is the set of |n + mτ | 2 for n, m ∈ Z, (n, m) = (0, 0), log Det remains the same as for the ordinary 2-torus, and is computed by the Kronecker limit formula, as in [20, Theorem 4.1]; explicitly,
where η is the Dedekind eta function
Recalling that the logarithm of analytic torsion for a complex curve [20] is given by 1 2 Its invariance under rescaling is due to the fact that ζ ϕ (0) = −1, cf. Theorem 2.2. Indeed, since h+c = e c h for any c ∈ R, one has ζ h+c (z) = e −cz ζ h (z), it follows that
Theorem 4.6. The functional F (h) has the expression
One has F (h) ≥ F (0) for all h and equality holds if and only if h is a scalar.
Proof. One obtains using (104) and the classical value for h = 0
Using integration-by-parts with respect to the derivation δ * , one sees that
Note that the skew term vanishes. Thus one has
This, together with (107) gives (106). In the Hilbert space H 0 with inner product (19) , the operator ∇ which is given by a → −[h, a] is bounded and self-adjoint since
Since the function K 2 − 1 3 is even and strictly negative, it follows that the equality
defines a non degenerate positive symmetric inner product on H 0 . Now by (106), and the skew adjointness δ j (h) * = −δ j (h) one has
and thus
This shows that F (h) ≥ F (0) and moreover the equality holds only if δ(h) = 0 which implies that h is a constant.
Remark 4.7. Note that the first term in the right hand side of (107) matches the expression of the functional in the commutative case (cf. [18, §3] ), while the second term is of a purely modular nature and is highly non-linear.
Gradient flow and scalar curvature.
Identifying the tangent space to the dilatons with the selfadjoint elements of A ∞ θ , and using the inner product given by ϕ 0 , we shall define the gradient of the functional F by means of the Gâteaux differential:
Theorem 4.8. The gradient of F is given by the expression
where the functionsK 0 andH 0 are directly related to K 0 , K 2 and H 0 bỹ
Proof. Consider the 1-parameter family of operators It follows that
Differentiating at ε = 0 the 1-parameter family of the zeta functions
and taking into account the above identity, one obtains for z > p ,
Now taking the derivative
The calculation of the derivative corresponding to the area term is very easy. Indeed, since ϕ 0 is a trace, one simply has
) .
Summing up and recalling that by its very definition, cf. (105),
F (h + εa) : = − log Det e h+εa 2 e h+εa 2 + log ϕ 0 (e −h−εa ), one concludes that
To obtain the claimed expression of the gradient we appeal to Theorem 3.2, move one of the exponential factors under the trace ϕ 0 , and get
One has
thus the function K 0 gets multiplied by 4 sinh(s/2)/s and becomes
similarly, one has
which gives (115).
Remark 4.9. One may wonder if there is a similar manner of using the local formula for 
Tr (e (2u−1)h 2 a e
(1−2u)h 2
) (e Replacing in the definition (112) the fixed inner product by the running one, one could alternatively define the gradient by means of the running inner product, as follows:
Then Theorem 4.8 gives
Based on the analogy with the standard torus (comp. [18, §3, (3.8)]), the right hand side
can be taken as the appropriate definition of the scalar curvature K ϕ of the conformal metric on the noncommutative torus associated to the given dilaton. The evolution equation becomes
Unlike the commutative case, the corresponding flow of inner products is not given by the same differential equation. Denoting by g ϕ the Hermitian form
Denoting by R ϕ the resulting Hermitian form
we conclude that the metric associated to ϕ has evolution equation
The equation (123) is precisely the analogue of Hamilton's Ricci flow for the standard torus, which justifies calling the Hermitian form R ϕ the Ricci curvature of T 2 θ endowed with the metric g ϕ .
A sample calculation.
In order to treat this example it will be convenient to represent the algebra A θ as the crossed product of C(S 1 ) by the irrational rotation. More specifically we identify the C * -subalgebra generated by V with C(S 1 ) so that one has
We then consider a Powers-Rieffel self-adjoint idempotent of the form
One has, taking the f j real valued,
Proposition 4.10. Let e = e * = e 2 be the idempotent given by (124), h = s e where s ∈ R and ϕ(x) = ϕ 0 (xe −h ) the associated conformal weight. One has the following closed formula for the Ray-Singer determinant:
(126) where
Proof. Since e 2 = e one gets δ j (e) = eδ j (e) + δ j (e)e , ∀j
and with ∇ the derivation implemented by −h one has
Thus the decomposition (128) gives δ j (e) as a sum of eigenvectors for the eigenvalues ±s for the operator ∇. Since the functionK 0 is even we thus get
We now use our formula log Det ( ϕ ) = log ϕ(1) + (2 log 2π + log |η(τ )
and using (130) we obtain (126).
Let us now compute the scalar curvature. It is given by (120). One has (h) = s (e) = s (e (e)e + e (e)(1 − e) + (1 − e) (e)e + (1 − e) (e)(1 − e)) which gives a decomposition in eigenvectors for ∇ with eigenvalues 0, −s, s, 0. It follows that K 0 (∇)( (h)) = sK 0 (s)(e (e)(1−e)+(1−e) (e)e)+sK 0 (0)(e (e)e+(1−e) (e)(1−e))
One has moreover using the decomposition (128) and the vanishing ofH 0 (s, s),
We get Proposition 4.11. Let e = e * = e 2 be an idempotent, h = s e where s ∈ R and ϕ(x) = ϕ 0 (xe −h ) the associated conformal weight. The scalar curvature is given by the formula
Proof. The above discussion yields the formula 
But since e 2 = e one has the relation 2 (e) = (1 − e) (e) − (e)e (134) which gives 2(1 − 2e) (e) = (1 − e) (e) − (1 − 2e) (e)e = e (e)e + (1 − e) (e)(1 − e) (135)
Now, as we shall see below, one has the relation s
which will be understood conceptually as a special case of (141). We then use (e (e)(1 − e) + (1 − e) (e)e) + (e (e)e + (1 − e) (e)(1 − e)) = (e) and simplify (133) to
Note that one checks that each of the two separate terms (e (e)e + (1 − e) (e)(1 − e)) and (e) have vanishing integral under ϕ 0 i.e. the Gauss-Bonnet theorem holds.
Intrinsic definition and normalization.
In this section we explain how to reformulate the above scalar curvature in intrinsic terms involving only the even two-dimensional modular spectral triple (A ∞ θ , H,D ϕ ). Let us first relate the weight ϕ to the natural volume form associated to the modular spectral triple.
Lemma 4.12. For any a ∈ A θ one has −aD
Proof. We shall show that
Note that since the kernel ofD ϕ is finite dimensional we do not care about the lack of invertibility ofD ϕ and define arbitrarilyD −2 ϕ on the kernel, this does not affect the value of the residue. To prove (138) note that ED 2 ϕ E = k k and one gets −EaD
where the constant λ comes from the equality
which can be checked directly since both sides vanish on U n V m for (n, m) = (0, 0). To compute λ one just needs the residue at s = 1 of the zeta function which gives π/τ 2 and proves (138). We shall not need the other part but it follows from the above.
Using the canonical volume form of the spectral triple instead of ϕ in the definition of the scalar curvature (120) thus removes the unpleasant factor π/τ 2 in the above formulas.
There is one more small adjustment needed to obtain an intrinsic definition; we have identified above the space of deformed modular spectral triples with the space of self-adjoint elements h ∈ A ∞ θ and the tangent space at a point h accordingly by linearity.
Remark 4.13. In [10] , Definition 1.147, the notion of scalar curvature functional was introduced for spectral triples (A, H, D) of dimension 4 by the equality
The same formula with D −(n−2) instead of D −2 works in dimension n when n = 2 with a suitable normalization. For n = 2 the normalization factor has a pole and the analogue of (139) becomes,
where P is the orthogonal projection on the kernel of D. What the present development shows in particular is that in the even case the above general definition should be refined by using the chiral expression:
A number of the above results extend naturally to the general case of dimension two, and relate the variation under inner twisting of the Ray-Singer torsion of modular spectral triples to their chiral scalar curvature.
Functional relation betweenK 0 andH 0
In this section we shall explain how to perform the direct computation of the gradient of an expression of the form
We shall then show how this, together with Theorem 4.8, implies the following relation betweenK 0 andH 0 ,
This relation can then be checked directly and gives the following decomposition 
t(s + t) .
The fact that (141) can be proven on a priori ground gives a handle on the complicated two variable functions which appear in Theorem 3.2 since by (115) one can deduce the function H 0 fromH 0 . Note moreover that the function 1 8K 0 is the generating function for Bernoulli numbers since one has
Theorem 5.1. Let G(u) be an even Schwartz function, then with
where the function ω G (s, t) is given by
Proof. It is enough to prove the statement with (h) replaced by δ(h)δ(h) and (h) by δ 2 (h) where δ is a derivation equal to δ j or δ 1 + δ 2 . One has
The proof of Theorem 5.1 then follows from the equality between the last two terms and the following two general lemmas.
Lemma 5.2. Let G(u) be an even Schwartz function, then for any x, a ∈ A
where the function H(s, t) is given by
Proof. Using the Fourier transform
and the equality
, which is of the form
and gives (146) for
which gives
One then performs the integral to obtain (147).
As a simple example we take G(u) = u 2 . In that case one has
and the right hand side gives
with H(s 1 , s 2 ) = 2s 2 − 2s 1 . Let us now consider the term
We need to integrate by parts, which is achieved as follows.
Lemma 5.3. Let G(u) be a Schwartz function, then for any a ∈ A ∞ θ one has
where the function L(s, t) is given by
Proof. One has for any x ∈ A ∞ θ the equality
and taking x = δ(h) we get,
Now writing G(v) = e −itv g(t)dt one gets
which is the same as (150). One has, using integration by parts
and using (151) one obtains (149).
Symbolic calculations
The computation follows the same lines as [13] . The case of the operator k k is treated at the symbol level as in [13] . We first give the analogue of Lemma 6.1 of [13] for the operator
Lemma 6.1. -The operator
Proof. This follows from the derivation property of δ * = δ 1 + τ δ 2 which gives
which is the decomposition of the operator as a sum of homogeneous terms.
In general we recall the product formula within the algebra of symbols, where with σ(P ) = ρ, σ(Q) = ρ , one has
One then proceeds as in [13] for the inductive calculation of the inverse of the symbol of 
and computing to order −3 in ξ the product b 0 · ((a 2 − λ) + a 1 + a 0 ). By singling out terms of the appropriate degree −1 in ξ, one obtains
Note that b 0 appears on the right in this formula, and we refer to [13] for detailed explanations. In a similar fashion, collecting terms of degree −2 in ξ one obtains
The resulting formula for b 2 is quite long and the next step is to perform the integration α(λ) = b 2 (ξ, λ)d 2 ξ. Note, before starting, that by homogeneity of symbols one has b 2 (vξ, v 2 λ) = v −4 b 2 (ξ, λ)
and we thus know that α(λ) is homogeneous of degree −1 in λ since
Moreover the next step in order to obtain the constant term in the heat expansion is to do an integral in the variable λ of the form Applying this equality for s = 0 one gets that 1 2πi C e −tλ α(λ)dλ = α(−1) .
Thus we can already simplify and fix λ = −1 before we perform the integration in d 2 ξ = dξ 1 dξ 2 . To start this integration we follow [14] and perform the change of variables, using τ 1 = (τ ) and τ 2 = (τ ),
One has a similar expansion for α t1,t2 (k) which shows that e.g. δ this gives the formula
where one has f (s) = 
Note the coefficient 2 in front of g since δ in e A+B .
Rearrangement Lemma.
In order to perform the integration in the radial variable r one needs a more general lemma than Lemma 6.2 of [13] . Note that only even powers of r appear in the expressions for the terms T but since one needs to multiply by the Jacobian of the change of coordinates, the integration in r only involves odd powers of r. Thus it is natural to let u = r 2 so that du = 2rdr. 
where the function F m0,m1,...,m (u 1 , u 2 , . . . , u ) is and ∆ (i) signifies that ∆ acts on the i-th factor.
Proof. Let G n be the inverse Fourier transform of the function In the product of these terms from j = 1 to j = one gets u h with the exponent h (m j − α j ). Thus this cancels the term u 
The first few functions of two variables that we shall use are given as follows 
